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Abstract

This contribution is intended to present a numerical-graphical method for analyzing the robust stability of a control loop
which contains two feedback controllers and a heating-cooling system with a heat exchanger. The controlled plant is
described by the anisochronic model with internal delays and the parameters of this model are supposed to vary within
given intervals. The applied technique for robust stability analysis is based on the numerical calculations of the value sets
in combination with the graphical test via the zero exclusion condition.
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1. Introduction

Robust stability is the key property of the control systems under uncertainty and its analysis has attracted the
researchers for several decades [1], [2], [3], [4]. Generally, the more complicated type and structure of uncertainty is
presented in the model, the more sophisticated and complex tools have to be used for testing the robust stability. However,
the value set concept combined with the zero exclusion condition [1] represents extremely universal technique which can
be applied to various ranges of parametric uncertainty structures [5], [6].

In this contribution, the robust stability of a control loop with two feedback controllers and a heating-cooling system
with a heat exchanger [7], modelled as the anisochronic model with internal delays and parametric uncertainty, is analyzed
with the assistance of the numerical calculations of the value sets and the graphical evaluation of the zero exclusion
condition. The paper presents the modified version of the example that has been already published in the previous work

[6].
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2. Process Description

Assume a cooling-heating system with a through-flow air-water heat exchanger that evinces long internal delays. In
[7], [8], the plant was modelled by means of the anisochronic principle —see e.g. [9]. This approach allowed including all
significant delays and latencies caused by the heat transferring from a source through a piping system by using the heat
transferring media (water) into a heat-consuming part.

The process was described in [7], [8] by a set of ordinary differential equations and algebraic equations. Subsequently,
the same works [7], [8] derived also a linearized model formulated by the transfer function:
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which expresses the relation between the input power to the heater and the outlet stream temperature from the heat
exchanger.

The nominal parameters identified in the specific operating point are [7]:
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The experiments in [7] showed that the plant is affected by the parameter perturbations and other non-modelled
internal and external influences.

The robust stability test from [6] supposed the possible variations of the size +10% of all the nominal parameter values
(2). In this contribution, the robust stability is analyzed for the variations of the size £15%, i.e.:
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3. Control Loop

The control system with two feedback controllers was chosen as a convenient configuration. The scheme of this
control loop is shown in Fig. 1. Two feedback controllers are represented by the blocks Cr and Cq and a controlled plant
by the block G.

The signals are denoted as follows: w — reference signal, e — tracking (control) error, uy—d i f f er enc e
outputs, u —control signal, y — controlled signal (output), v — load disturbance.
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Fig. 1. Control loop with two feedback controllers
In [7], [8], the controllers:
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were designed via the algebraic method for the system (1) with nominal parameters (2).
4. Robust Stability Analysis

Remind that the aim is to analyze the robust stability of the control loop that contains feedback controllers (4) and the
heating-cooling system (1) with the uncertain parameters (3). The family of the closed-loop characteristic retarded quasi-

polynomials is:
pCL(s1b01b0D! 401 4h1a21a11a07a0D7 4a) S3 aZSZ a:l.s aO aODe e (5)
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where all 9 uncertain parameters can vary within the intervals from (3).

The robust stability of this family with quite complicated uncertainty structure will be investigated by means of the
value set concept and the zero exclusion condition [1]. Its application to various types of thermal systems with uncertain
parameters can be found in [6].

The value sets are obtained numerically through sampling (gridding) the uncertain parameters and subsequent direct
calculation of related partial points of the value sets for a suitable pre-selected set of non-negative frequencies. Then, the
robust stability is tested graphically — the family is robustly stable if and only if the zero point is excluded from the value
sets and all required preconditions are fulfilled, especially the existence of at least one stable member of the family. For
details see e.g. [1], [5], [6]-

The value sets of the family (5) with the uncertain parameters (3) are plotted in Fig. 2. The value sets are obtained for
the frequencies from 0 to 0.5 with the step 0.01. For the calculations, 7 out of 9 uncertain parameters are sampled by 3
equidistant values and the remaining 2 parameters are sampled by 15 values which mean that the value set consists of

3" 15° ™ 492075 points at each frequency.

A closer look near the complex plane origin is depicted in Fig. 3. The family (5) contains a stable member and the
zero point is excluded from the value sets which means (with necessary and sufficient condition) that the family is robustly
stable, i.e. two feedback controllers (4) stabilize the anisochronic model (1) of a heating-cooling plant for all possible
assumed variations of the uncertain parameters (3).
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Fig. 2. The value sets of the family (5) with parameters (3) — the full view
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Fig. 3. The value sets of the family (5) with parameters (3) —a zoomed view
5. Conclusion

This brief contribution was focused on the numerical-graphical technique for testing the robust stability of the control
system with two feedback controllers and the specific thermal plant. The controlled process is represented by a heating-
cooling system with a heat exchanger that is described by the anisochronic model with internal delays and parametric
uncertainty. The robust stability is analyzed by means of the numerical calculations of the value sets in combination with
the graphical evaluation via the zero exclusion condition.
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