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Abstract
The main objective of this contribution is to present the application of a graphical approach to robust stability analysis of
discrete-time uncertain polynomials with special emphasis to polynomials with a complicated nonlinear uncertainty
structure. The generalization of the value set concept and the zero exclusion condition under robust D-stability framework
is used for this purpose. The relative simplicity of the applied technique is shown by means of the illustrative examples.
Keywords: Robust stability; discrete-time polynomial; parametric uncertainty; nonlinear uncertainty structure; value set;
zero exclusion condition.

1. Introduction
Stability is a critical property of the control loops. In the case of uncertain systems, frequently described by the models
with parametric uncertainty, stability must be ensured for all possible members from the assumed family, i.e. so-called
robust stability is investigated. Naturally, robust stability represents attractive and deeply studied discipline of the last
decades, especially in the continuous-time domain [1], [2], [3], [4], [5], [6]. A number of interesting results have been
developed also for the discrete-time systems [7], [8], [9], [10], [11], but many of them are applicable only for simple
uncertainty structures (e.g. interval polynomials) and suffer from the lack of generality as they require some restrictions
and pre-conditions. And even if some results are more general, they are (in author’s opinion), relatively complicated to
use.
This contribution is intended to describe the application of the value set concept in combination with the zero exclusion
condition under robust D-stability framework adopted from [1] for analyzing robust stability of discrete-time polynomials
with nonlinear uncertainty structure. The similar ideas as in this work have been already published in the conference paper
[12] and its extended version [13]. Moreover, robust stability of continuous-time polynomials with nonlinear uncertainty
structure was studied in [14] and robust stability of discrete-time polynomials with a simple uncertainty structure was
presented in [15] (the example within the mentioned paper is focused only on discrete-time interval polynomial).
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2. Problem formulation
The problem of stability of systems can be supposed as the problem of stability of their characteristic polynomials.
The discrete-time polynomial with the uncertain parameters can be written in the form:
n

p( z, q) 

  (q ) z

i

(1)

i

i 0

where z is the complex variable, q is the vector of uncertainty and 𝜌𝑖 are coefficient functions. Then, the family of
polynomials is defined by [1]:

P  p(, q) : q  Q

(2)

where Q is the uncertainty bounding set (represented by a multidimensional box in this work). Generally, the family of
polynomials (2) is robustly stable if and only if p(, q) is stable for all q  Q , i.e. all roots of p( z, q) must lie within the
unit circle. The direct calculation of roots is a possible solution, but it can be very impractical due to potentially extremely
long computation times. On that account, the more efficient techniques have to be used.
Among a number of existing methods which were developed and described e.g. in [7], [8], [9], [10], [11], the graphical
approach based on combination of the value set concept and the zero exclusion condition under robust D-stability
framework represents very universal, elegant and powerful tool. Its universality is indispensable especially for the most
complicated (nonlinear) uncertainty structures, which are studied in this contribution, because the universal analytical
tools practically do not exist for this kind of structures.
3. Value set concept and zero exclusion condition for robust D-stability
The basic continuous-time version of the value set concept and the zero exclusion condition can be found in [1] and
subsequently e.g. in [6]. This contribution employs its improved version, described hereafter, which is extended and
generalized to so-called robust D-stability framework [1]. The main idea remains the same, but it allows investigating
robust stability for an arbitrary stability region D, e.g. for a unit circle in case of discrete-time polynomials with parametric
uncertainty.
Suppose a family of polynomials (2). The value set at any evaluation point x C is determined by [1]:

p( x, Q)  p( x, q) : q  Q

(3)

In other words, p( x, Q) is the image of Q under p( x, ) . For instance, in discrete-time case, substitute z for a point at the
unit circle in a family P   p( z, q) : q  Q and let the vector of uncertain parameters q range over the set Q.
In this contribution, the value sets for the families with complicated nonlinear uncertainty structure are plotted by
using a suitable sampling (gridding) of the uncertain parameters and direct calculation of related partial points of the value
sets for a supposed frequency range. The relative simplicity and applicability for the complex uncertainty structures
represents the main advantage of this approach. On the other hand, a long computational time for a high number of
uncertain parameters is the weakness.
The zero exclusion condition formulated in [1] says: Let D be an open subset of the complex plane and assume that
(2) is a family of polynomials with invariant degree and uncertainty bounding set Q which is pathwise connected.
Moreover, suppose that the coefficient functions i (q) are continuous and that (2) has at least one D-stable member

p(, q0 ) . Then (2) is robustly D-stable if and only if:
0  p ( x, Q )

(4)

for all x  D , where D denotes the boundary of D.
Moreover, under the assumption that D is bounded (such as unit circle for the case of discrete-time polynomials), the
pre-condition of degree invariance is no longer needed.
4. Illustrative examples
First, assume the family of discrete-time polynomials with nonlinear (or more specifically polynomial) uncertainty
structure:
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p( s, q)  7 z 5  q12  q22  5 z 4  q14  q22  5 z 3  q12  q1q22  3 z 2  2q13  3q23  2 z  3q12 q22  1

q1 , q2   0.7,0.7

(5)

An arbitrary member of the family is taken (e.g. for q1  q2  0 ) and its stability is verified. Then, the value sets for
100 points on the unit circle and for sampling both uncertain parameters with the step 0.01 are shown in Fig. 1. As can be
seen, the origin of the complex plane is excluded from the value sets and thus the family (5) is robustly stable.

Fig. 1. The value sets of the family (5)
In the next step, the possible intervals for the uncertain parameters in the family (5) are supposed to be wider while
the structure itself remains the same, i.e. the following family is considered:



 

 

 

 



p( s, q)  7 z 5  q12  q22  5 z 4  q14  q22  5 z 3  q12  q1q22  3 z 2  2q13  3q23  2 z  3q12 q22  1

q1 , q2   1,1

(6)

The value sets (for the same sampling as in the previous Fig. 1) are depicted in Fig. 2 (full view) and Fig. 3 (zoomed
view for better sight near the origin of the complex plane). The figures clearly prove the robust instability of the family
(6) because the complex plane origin is included in the value sets.

Fig. 2. The value sets of the family (6) – the full view
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Fig. 3. The value sets of the family (6) – a zoomed view
Finally, assume the family of discrete-time polynomials with nonlinear (now completely general) uncertainty
structure:



 



p ( s, q )  7 z 3  cos q1q 2   3z 2  5 q1  sin q 2  cos q1q 2   2 z   3 q 2  4 sin q1  2 cos q1q 2   1

q1 , q 2   0.3,0.3

(7)

As in the previous example, an arbitrary member of the family is taken (e.g. again for q1  q2  0 ) and its stability is
checked. Subsequently, the value sets for 100 points on the unit circle and for sampling both uncertain parameters with
the step 0.005 are shown in Fig. 4. Obviously, the family (7) is stable due to the exclusion of the zero point from the value
sets.

Fig. 4. The value sets of the family (7)
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5. Conclusion
This contribution was focused on application of a graphical approach to robust stability analysis of families of discretetime polynomials with special emphasis to families with a complex nonlinear uncertainty structure. The employed
technique is based on the generalization of the value set concept and the zero exclusion condition under robust D-stability
framework. The relative simplicity of the method is demonstrated via the set of the illustrative examples.
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