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Abstract
In this paper we study properties of definite quadratic eigenproblems. Free vibrations of fluid-solid structures are governed
by a nonsymmetric eigenvalue problem. This problem can be transformed into a definite quadratic eigenvalue problem.
Niendorf and Voss presented an algorithm which determents if quadratic pencil is or is not definite. In their algorithm,
the initial vector is taken at random. In this paper we bring a new effective algorithm for determining the initial vector x0
and thus we accelerate algorithm of Niendorf and Voss. The new algorithm presented in this paper combines earlier results
of Kostic and Sikalo with the new results obtained in this study.
Keywords: free vibrations; definite quadratic pencil; eigenvalue; methods for detection; effective algorithm; initial
vector.

1. Introduction
In the engineering practice eigenvalue problem is very important because it is related with the mechanical systems
and their property of vibration. Vibration is property of every mechanical system. Also it is property of electrical systems
in the form of oscillation circuits. Neglecting terms of vibration can lead to resonance. The resonance can have
catastrophic consequences (for example the demolition of the bridge), on the other hand it can be used positively.
Mathematical description of vibratory conditions leads to a differential equation or a system of differential equations.
This problem is further transformed to the eigenvalue problem. This is the motivation for considering the eigenvalue
problems. They are divided into linear and nonlinear problems of eigenvalues. The theoretical basics for eigenvalue
problems are given in the [7]. In practice, nonlinear eigenproblems commonly arise in dynamic/stability analysis of
structures and in fluid mechanics, electronic behavior of semiconductor hetero-structures, vibration of fluid-solid
structures, regularization on total least squares problems and stability of delay differential equations.
In practice, most important is the quadratic problem 𝐐()𝐱 = 𝟎 where
𝐐() ≔ 2 𝐀 + 𝐁 + 𝐂,

𝐀, 𝐁, 𝐂 ∊ ℂ𝑛×𝑛 ,

𝐀 ≠ 𝟎,

More information on the practical application can be found in [12].
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Since we, in this paper, deal with the improving of the algorithm to determine whether a quadratic eigenvalue problem
is definite or not, let us briefly summarize what has been done so far in the literature up to this point.
For quadratic hyperbolic pencils, Higham, Tisseur and Van Dooren [5] proposed a method for testing hyperbolicity
and for constructing a definite linearization. Another method for detecting whether a Hermitian quadratic matrix
polynomial is hyperbolic is based on cyclic reduction and was first introduced by Guo and Lancaster [3] and later on,
accelerated by Guo, Higham and Tisseur [2].
Niendorf and Voss [10] take advantage of the fact that all eigenvalues of a definite matrix polynomial can be
characterized as minmax values of the appropriate Rayleigh functional and that the extreme eigenvalues in each of the
intervals (−∞, ξ), (ξ,μ) and (μ,+∞) are the limits of monotonically and quadratically convergent sequences. If a given
Hermitian quadratic matrix polynomial is definite, Niendorf and Voss concurrently determine parameters ξ and μ such
that the matrices Q(ξ) < 0 and Q(μ) > 0, which allows for the computation of a definite linearization.
Kostic and Voss [9] applied the Sylvester‘s law of inertia on the definite quadratic eigenvalue problems.
In paper [8] Kostic and Sikalo gave improvement of the method of Niendorf and Voss [10] for detecting whether a
quadratic pencil Q() is definite. They have used some properties of matrices A, B and C to get improvment of the
algorithm. These properties are rank of the matrices A, B and C and eigenvectors of these matrices which corespond to
the egenvalue zero. Kostic and Sikalo in [8] obtained good results when matrix B is singular. If matrix B is not singular
they would have to determine eigenspace of the matrix A, to the eigenvalue zero. Also, they would have to determine
eigenspace of the matrix C, to the eigenvalue zero. This reduces efficiency of their idea.
This paper gives effective algorithm for determination of the initial vector 𝐱 0 . The algorithm is based on results of the
paper [8] and on application of eigenvector 𝐪𝟏 which is corresponding vector of eigenvalue 𝜆𝟏𝐀 of matrix A, and also on
application of eigenvector 𝐟𝐧 which is corresponding vector of eigenvalue 𝜆𝐧𝐁 of matrix B.
Our paper is organized as follows. In Section 2 we provide definition of the definite eigenvalue problem and results
of previous papers based on this topic. Section 3 gives a new effective algorithm for determining of the initial vector 𝐱 0 .
This section also presents new results which lead to our algorithm. A critical review of the proposed algorithm and the
future research plan is given in Section 4.
2. Definite quadratic pencils
In this paragraph we give the theoretical basics for the definite quadratic pencil. Since the definite quadratic
polynomial is generalization of the hyperbolic quadratic polynomial, let us briefly consider the hyperbolic quadratic
polynomial.
A quadratic matrix polynomial
𝐐() ≔ 2 𝐀 + 𝐁 + 𝐂,

𝐀 = 𝐀𝑯 > 0,

𝐁 = 𝐁𝑯 , 𝐂 = 𝐂𝑯

(2)

is hyperbolic if for every 𝐱 ∊ ℂ𝑛 , 𝐱 ≠ 𝟎 the quadratic polynomial
2

f(; 𝐱) ≔  𝐱 𝑯 𝐀𝐱 + 𝐱 𝑯 𝐁𝐱 + 𝐱 𝑯 𝐂𝐱 = 0

(3)

has two distinct real roots:
2

𝐱 𝑯 𝐁𝐱
𝐱 𝑯 𝐁𝐱
𝐱 𝑯 𝐂𝐱
𝑝+ (𝐱) ≔ − 𝑯 + √( 𝑯 ) − 𝑯
,
2𝐱 𝐀𝐱
2𝐱 𝐀𝐱
𝐱 𝐀𝐱

2

𝐱 𝑯 𝐁𝐱
𝐱 𝑯 𝐁𝐱
𝐱 𝑯 𝐂𝐱
𝑝− (𝐱) ≔ − 𝑯 − √( 𝑯 ) − 𝑯
2𝐱 𝐀𝐱
2𝐱 𝐀𝐱
𝐱 𝐀𝐱

(4)

Functionals in (4) are the Rayleigh functionals of the quadratic matrix polynomial (2). The Rayleigh functionals are the
generalization of the Rayleigh quotient.
The hyperbolic problem is very importance because all of its eigenvalues can be variational characterized. More
information is contained in [1].
Higham, Mackey and Tisseur [6] generalized the concept of the hyperbolic quadratic polynomial by waiving the positive
definiteness of the leading matrix A.
Definition 1
A quadratic pencil (1) is definite if:
𝐀 = 𝐀𝑯 , 𝐁 = 𝐁 𝑯 , 𝐂 = 𝐂 𝑯 are Hermitian, there exists  ∈ ℝ ∪ {∞} such that Q() is positive definite, and for every
fixed 𝐱 ∊ ℂ𝑛 , 𝐱 ≠ 𝟎 the quadratic polynomial (3) has two distinct roots in ℝ ∪ {∞}.
Free vibrations of a fluid-solid structures are governed by a non-symmetric eigenvalue problem [4,8,10,11]. This
problem can be transformed into a definite quadratic eigenvalue problem and it is motivation for further consideration of
the definite quadratic pencil and eigenvalue problems for these pencils.
The following Theorem has been proved by Duffin [1].
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Theorem 1. A Hermitian matrix polynomial 𝐐() is definite if and only if any two (and hence all) of the following
properties hold:
 (𝐱) ≔ (𝐱 𝑯 𝐁𝐱)𝟐 − 𝟒(𝐱 𝑯 𝐀𝐱)(𝐱 𝑯 𝐂𝐱) > 0 for every 𝐱 ∊ ℂ𝒏 , 𝐱 ≠ 𝟎
 𝐐() > 0 for same  ∈ ℝ ∪ {∞}
 𝐐() < 0 for same  ∈ ℝ ∪ {∞}.
Without loss of generality, we take that  <  .
𝑓(𝜇; 𝐱) = 𝐱 𝐻 𝐐(𝜇)𝐱
𝑓(; 𝐱) = 𝐱 𝐻 𝐐()𝐱
where 𝐐() < 0 < 𝐐(𝜇),  < 𝜇.
The Rayleigh functional is explicitly given by
2

𝐱 𝐻 𝐁𝐱
𝐱 𝐻 𝐁𝐱
𝐱 𝐻 𝐂𝐱
− 𝐻 + √( 𝐻 ) − 𝐻
if 𝐱 𝐻 𝐀𝐱 > 0
2𝐱 𝐀𝐱
2𝐱 𝐀𝐱
𝐱 𝐀𝐱
𝑝(𝐱) ≔

−

𝐱 𝐻 𝐂𝐱
if
𝐱 𝐻 𝐁𝐱

.

𝐱 𝐻 𝐀𝐱 = 0
2

𝐱 𝐻 𝐁𝐱
𝐱 𝐻 𝐁𝐱
𝐱 𝐻 𝐂𝐱
− √( 𝐻 ) − 𝐻
if 𝐱 𝐻 𝐀𝐱 < 0
𝐻
2𝐱
𝐀𝐱
2𝐱
𝐀𝐱
𝐱
𝐀𝐱
{
−

The quadratic eigenvalue problem 𝐐()𝐱 = 𝟎 has exactly n eigenvalues 1 ≤ ⋯ ≤ 𝑛 in (, ) which satisfy a minmax
characterization with respect to p, and the safeguarded iterations aiming at λ1 and λn converge globally and monotonically
decreasing and increasing, respectively. Niendorf and Voss [10] gave the following algorithm (Fig.1) for detecting
definite quadratic matrix polynomial.
Require: initial vector 𝐱 0 ≠ 𝟎
𝑯
2
𝐻
if 𝑑(𝐱 0 ) ≔ (𝐱 𝐻
0 𝐁𝐱 0 ) − 4(𝐱 0 𝐀𝐱 0 )(𝒙𝟎 𝑪𝒙𝟎 ) < 0 then
STOP: Q(λ) is not definite
end if
determine σ0 = p(x0)
for k = 1, 2, . . . until convergence do
determine eigenvector xk of Q(k−1) corresponding to its largest eigenvalue
2
𝐻
𝐻
if 𝑑(𝐱 𝒌 ) ≔ (𝐱 𝑯
𝑘 𝐁𝐱 𝑘 ) − 4(𝐱 𝒌 𝐀𝐱 𝑘 )(𝐱 𝑘 𝐂𝐱 𝑘 ) < 0 then
STOP: Q(λ) is not definite
end if
determine σk= p(xk)
if σk≥ σk−1 then
STOP: Q(λ) is not definite
end if
if Q(2σk− σk−1) is negative definite then
STOP: Q(λ) is definite
end if
end for

Fig. 1.Algorithm 1.
Now we will briefly explain the Algorithm 1 (Fig.1). If Q(λ) is definite we can determine by Algorithm 1 a parameter
ξ such that Q(ξ) is negative definite. We have to allow for one violation of the monotonicity requirement to incorporate
the possible jump of the iterations from one unbounded interval to the other. A second similar sweep aiming at λn discovers
a parameter  such that Q() >0. Once parameters ξ and  are found such that Q(ξ) <0 <Q(), the definite linearization
can be determined similarly.
Let's analyze the advantages and disadvantages of the Algorithm 1. Its advantages include clarity in the functioning
of the algorithm and the ease of programming. The shortcomings of the Algorithm1 are cost of the algorithm which means
a large number of flops in every iteration and random selection of the initial vector x0. Let us look first at the cost of the
algorithm.
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The k-th step of Algorithm 1 requires n3/3 operations for computing 1 Cholesky factorization, 4n2 operations for
evaluating Q(2σk− σk−1), 3 matrix-vector products (6n2 operations), 3 scalar products (6n operations), and the
determination of the largest eigenvalue and corresponding eigenvector of a matrix Q(σk−1) which seems to be the most
expensive part.
Let a quadratic matrix polynomial
𝐐() ≔ 2 𝐀 + 𝐁 + 𝐂,

𝐀 = 𝐀𝐻 ,

𝐁 = 𝐁 𝐻 , 𝐂 = 𝐂𝐻

(5)

be definite.
Kostic and Sikalo in [8] developed a strategy for targeting of the initial vector x0. This leads to reduction in the number
of iterations and the algorithm becomes cheaper. Here are the basic theorems on which their strategy is based. Proofs of
these theorems are given in [8].
Lemma 1 Problem of the eigenvalues corresponding to the matrix polynomial (5) has 0 as an eigenvalue if and only if C
is singular.
Without loss of generality, Kostic and Sikalo in [8] took that  < . They considered rank of matrices 𝐀, 𝐁 and C.
Let Rank(𝐀) = 𝑛 − 𝑝, Rank(𝐁) = 𝑛 − 𝑞, Rank(𝐂) = 𝑛 − 𝑟 where 0 < 𝑝 < 𝑛, 0 ≤ 𝑞 ≤ 𝑛 and 0 < 𝑟 < 𝑛 and let
{𝐲1 , 𝐲2 , ⋯ , 𝐲𝑛 }, {𝐳1 , 𝐳2 , ⋯ , 𝐳𝑛 } and {𝐰1 , 𝐰2 , ⋯ , 𝐰𝑛 } be orthonormal base of vector space ℂ𝑛 consisting of eigenvectors of
the corresponding matrix A, B and C respectively. Without loss of generality, Kostic and Sikalo in [8] took
𝐀𝐲𝑖 = 0 𝑖 = 1,2, ⋯ , 𝑝,

𝐁𝐳𝑗 = 0, 𝑗 = 1,2, ⋯ , 𝑞,

𝐂𝐰𝑘 = 0

𝑘 = 1,2, ⋯ , 𝑟.

(6)

Theorem 2 Let 𝐐() < 0 < 𝐐() and  <  then stands  > 𝑎1 > 𝑐1 > where
𝑎1 : = 𝑚𝑎𝑥 {−
Theorem 3

𝐲𝐻 𝐂𝐲
𝐲𝐻 𝐁𝐲

: 𝐲 ∈ {𝐲1 , 𝐲2 , ⋯ , 𝐲𝑝 }} and 𝑐1 : = 𝑚𝑖𝑛 {−

𝐲𝐻 𝐂𝐲
𝐲𝐻 𝐁𝐲

: 𝐲 ∈ {𝐲1 , 𝐲2 , ⋯ , 𝐲𝑝 }}.

Let 𝐐() < 0 < 𝐐() and  <  then stands  > 𝑎2 and 𝑐2 >  where

𝐰 𝐻 𝐁𝐰
: 𝐰 ∈ {𝐰1 , 𝐰2 , ⋯ , 𝐰𝑟 } and 𝐰 𝐻 𝐀𝐰 > 0}
2𝐰𝐻 𝐀𝐰
and
𝐰 𝐻 𝐁𝐰
𝑐2 : = min {−
: 𝐰 ∈ {𝐰1 , 𝐰2 , ⋯ , 𝐰𝑟 } and 𝐰 𝐻 𝐀𝐰 < 0}
2𝐰 𝑯 𝐀𝐰
𝑎2 ≔ max {−

Theorem 4 Let 𝐐() < 0 < 𝐐(),  <  and a:=max(a1,a2) and c:=min(c1,c2) then applies  > 𝑎 and 𝑐 > where a1,
a2, c1 and c2 are defined as in Theorem 2 and Theorem 3.
If we now apply Algorithm 1 to determine the parameter  for the initial vector x0 we take the vector through which we
specify a. Analogously if we apply Algorithm 1 (Fig. 1) for determining parameter  for initial vector x0 we take the
vector through which we have determined c.
There remains to consider what happens in the case of the singularity of the matrix B.
Theorem 5 Let 𝐐() < 0 < 𝐐(),  < , Rank(𝐁) = 𝑛 − 𝑞 and 𝑞 > 0 than  > 0 or  < 0.
Remark: In the proof of the Theorem 5 [8] it is clear that 𝐳 𝐻 𝐀𝐳 has the same sign for all 𝐳 ∈ {𝐳1 , 𝐳2 , ⋯ , 𝐳𝑞 }. If 𝐳 𝐻 𝐀𝐳 >
0 we can multiply problem (5) by -1 and get a new definite eigenvalue problem.
𝐐() ≔ 2 𝐀1 + 𝐁1 + 𝐂1 ,

𝐀1 = −𝐀,

𝐁1 = −𝐁,

𝐂1 = −𝐂

(7)

Problem (7) has the same eigenvalues as problem (5), but with 𝐳 𝐻 𝐀1 𝐳 < 0 and  < 0. Therefore, in the case of singularity
of the matrix B without loss of generality we can consider that 𝐳 𝐻 𝐀𝐳<0 and  < 0. In the case of singularity of the matrix
B in order to reduce the costs of determining the initial vector x0 it is taken x0=z1.
3. The effective algorithm for determining the initial vector
Kostic and Sikalo in [8] have used some properties of the matrix A, B and C for determination of the initial vector x0.
Those properties are for example ranks of the matrices, eigenvectors belonging to the eigenvalue zero of the A, B and C
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matrices. For the implementation of this strategy they would have to find eigenspace of the matrices A, B and C, which
are associated with the eigenvalue zero.
The basic idea of this paper is still using nonzero eigenvalues of matrices A and B to get a better location parameters and
better initial vector. The acceleration of the algorithm is also obtained by improvement of the initial vector x0 . Our aim
is getting high-quality algorithm for the determination of the initial vector. This algorithm is obtained by using results of
the paper [8] and this paper.
In order to accelerate Algorithm 1 we consider a better localization of the parameters  and  which hold 𝐐(µ) > 0 >
𝐐() and  >. From this localization we will get the initial vector x0.
In [8] is noticed that matrices A and C must be singular. The singularity of matrix B can but doesn’t have to be satisfied.
If matrix B is singular than considering Remark for the initial vector we take x0=z1. If the matrix B is not singular theorems
2, 3 and 4 give us possibility of choosing initial vector x0. However this means we must determine all eigenvectors of the
matrix A that belong to eigenvalue zero and all eigenvalues of the matrix C that belong to eigenvalue zero. Also, this
procedure is weighted by finding a large number of products of vectors and matrices and scalar products. This brings
additional algorithm costs (a large number of flops and long time computing). To avoid the large number of flops in the
case when matrix B is not singular, we consider a new strategy.
We assume that the matrix A has at least one positive and at least one negative eigenvalue. We denote the largest
eigenvalue of matrix B with λnB and the corresponding eigenvector with q1. We denote the smallest eigenvalue of matrix
A with λ1A and the corresponding eigenvector with fn. It is clear that λ1A<0.
For every fixed 𝐱 ∊ ℂ𝑛 , 𝐱 ≠ 𝟎 is

2 𝐱 𝐻 𝐀𝐱 + 𝐱 𝐻 𝐁𝐱 + 𝐱 𝐻 𝐂𝐱 > 0

(8)

 𝐱 𝐻 𝑨𝐱 + 𝐱 𝐻 𝐁𝐱 + 𝐱 𝐻 𝐂𝐱 < 0

(9)

2

Subtracting the inequality (9) from inequality (8) yields
<

( − )( + )𝐱 𝐻 𝐀𝐱 + ( − )𝐱 𝐻 𝐁𝐱 > 0 ⇒

( + )𝐱 𝐻 𝐀𝐱 + 𝐱 𝐻 𝐁𝐱 > 0.

Further we get
𝐱 𝐇 𝐀𝐱
𝐱 𝐇 𝐀𝐱 𝐱 𝐇 𝐁𝐱
( + ) 𝐇 + 𝜆𝑛𝐁 > ( + ) 𝐇 + 𝐇
𝐱 𝐱
𝐱 𝐱
𝐱 𝐱

>0

(10)

(11)

From (11) we get for every fixed 𝐱 ∊ ℂ𝑛 , 𝐱 ≠ 𝟎
( + )

𝐱 𝐇 𝐀𝐱
> − 𝜆𝑛𝐁 .
𝐱𝐇𝐱

(12)

Specially for 𝐱 = q1 we get
( + )

𝐪𝟏 𝐇 𝐀𝐪𝟏
> − 𝜆𝑛𝐁 .
𝐪𝟏 𝐇 𝐪𝟏

(13)

Since 𝐪𝟏 is eigenvector of eigenvalue λ1A<0 from (13) is obtained
( + )𝜆𝟏𝐀 > − 𝜆𝑛𝐁 .

(14)

From (14) and λ1A<0 we get

+ <−

𝜆𝑛𝐁
.
𝜆𝟏𝐀

(15)

From (14) and  −  > 0 we get

<−

𝜆𝑛𝐁
.
2𝜆𝟏𝐀

(16)

This way we get upper bound for parameter  in the case where B is not singular. In this case because of the great
significance of the matrix B for definite eigenvalue problem we will take x0= 0.9𝐪𝟏 + 0.1𝐟𝐧 for the initial vector. Now we
will give an effective algorithm for determination of the initial vector x0.
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Examine singularity of matrix B
If matrix B is singular then 𝐱 0 = 𝐳1
else
determine smallest eigenvalue of matrix A 𝜆𝟏𝐀 and corresponding eigenvector 𝐪𝟏
determine largest eigenvalue of matrix B 𝜆𝐧𝐁 and corresponding eigenvector 𝐟𝐧
x0= 0.9𝐪𝟏 + 0.1𝐟𝐧
end if
Fig.2. Algorithm 2
Fig.2. gives the effective algorithm for determining of the initial vector 𝐱 0 . This algorithm is based on the structure
of the definite quadratic eigenvalue problem. At the end we would like to point out the following. To determine whether
the matrix B is singular we have to decomposition this matrix. From this decomposition we can see all the eigenvalues
and the corresponding eigenvectors of matrix B. Therefore, if the matrix B is not singular, we already have an eigenvector
belonging to the largest eigenvalue at no additional cost.
The following two examples numerically show justification for applying Algorithm 2.
Example 1
In the quadratic matrix polynomial 𝐐() ≔ 2 𝐀 + 𝐁 + 𝐂 we will take
1 2
𝐀 = (2 5
3 6

3
0
6) , 𝐁 = (0
8
0

0
109
0

0
4
0 ) and 𝐂 = (0
−1015
0

0
5
9

0
9).
5

We tested the speed of determination weather the matrix is or is not definite. First, we used only with Algorithm 1.
Numerical tests were performed by using MATLAB. The initial vector is determined by using function randn. We did
100 tests and we obtained that average number of expensive iterations for getting the answer is 4.62. When we use
Algorithm 1 and Algorithm 2 we get the answer immediately in the preparatory phase of the Algorithm 1. Therefore, the
answer is obtained without expensive iterations.
Example 2
In the quadratic matrix polynomial 𝐐() ≔ 2 𝐀 + 𝐁 + 𝐂 we will take
1 2
𝐀 = (2 5
3 6

3
−109
6) , 𝐁 = ( 0
8
0

0
−109
0

4
0
0) and 𝐂 = (0
0
1

0
5
9

0
9).
5

Once again we did numerical experiment with MATLAB. The initial vector was determined by using function randn. We
did 100 tests and we obtained that the average number of expensive iterations for getting the answer is 4.17. When we
used Algorithm 1 and Algorithm 2 we obtained the answer after one expensive iteration.
Example 1 and Example 2 show the importance of using Algorithm 1 for determination of the initial vector. This is
especially important when matrix B is singular or when there exists great difference between absolute value of the biggest
and the absolute value of the smallest eigenvalue as in Example 2.
4. Conclusion
This paper gives the effective algorithm for the determination of the initial vector 𝐱 0 . If the initial vector 𝐱 0 is better
determined we get the algorithm acceleration. In previous papers there were attempts of getting a better initial vector 𝐱 0
that were based on the exploitation of some properties of the matrices A, B and C. Previously used properties were ranks
of matrices and their eigenvectors which belong to eigenvalue zero. In this paper we also give exploitation of the
eigenvector 𝐪𝟏 which is corresponding vector of the eigenvalue 𝜆𝟏𝐀 of matrix A. We also give exploitation of the
eigenvector 𝐟𝐧 which is corresponding vector of the eigenvalue 𝜆𝐧𝐁 of matrix B. In Example 1 and Example 2 we have
concretely shown the justification for applying the Algorithm 2.
Therefore, in this paper we sum up results from previous papers with the results of this paper. This way we get a highquality algorithm for determining initial vector 𝐱 0 . This algorithm enables significant acceleration of the Algorithm 1.
The further research will go in the direction of the use of features of the matrix A, B and C, which determine square pencil
that is used for improvement of localization of the parameters  and .
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