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Abstract
When the future customer demands can be exactly quantified, the level of the closing stock, the quantity of the placed
order and the actual date of the order can be clearly defined with the knowledge of the initial stocks, the production
demand and the restocking of supplies. However, this initial condition is very rare in practice. There are several
unpredictable factors influencing the stock level that will affect the operation of the production company. The objective
of the logistics management is to guarantee the stock level required for the adequate handling of production at the lowest
possible level of costs. The definition of the service level provides an opportunity to handle the fluctuation of demands
due to different impacts with a predetermined safety, and to quantify the stock level required for the operation.
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1. Introduction
Our theories applied in the case of the economic order quantity are influenced by the fact that the customer
demands are not completely known, and disturbances can occur in our processes that together create an uncertainty
regarding the intensity of demands for purchased parts and the development of the stock level.
During the definition of our supply management strategy, we can choose from two basic models, thus we have
to separate the continuous and the periodic review systems. In case of a continuous review, the order quantity is constant,
thus the uncertainty affects the level of the closing stock at the end of the periods; while in the case of a periodic review,
there are fixed times between the orders, thus the uncertainty affects the order quantity [1].
By walking around the periodic review model during our analysis, we will present the relations between the
fluctuation of demand and the safety stocks, and we will define the formula for the quantification of the safety stock.
2. The relationship between the deterministic and stochastic changes of demands and the stock level
As a simplified model, figure 1 shows the inventory mechanism and the modification of stocks in case of a
deterministic demand and stock replenishment. The initial conditions of the model include the continuous use at a steady
pace, a steady t periodic supply, the minimum stock level Qmin equal to zero starting from the inadmissible stock shortage
and the zero safety stock, and the Q reorder quantity until the admissible Qmax maximum stock level. The calculable τ
replenishment time and the ti date of receipt determine the latest tr date, when the order must be placed [2]. The Qr stock
level assigned to time tr represents the minimum stock level that covers the usage within the time period necessary from
the placement of the order until the actual receipt of the ordered quantity [3] [4].

Fig. 1. Development of stock level in case of deterministic demand and replenishment time
Furthermore, the initial conditions of the model include the fact that the time demand of stock replenishment is
shorter than the periodic time (τ < t), meaning that maximum one supply can be in progress at a given moment. This
simplified model shows that the maximum stock level is equal to the quantity per order (Qmax = Q), the stock drops to
zero at the end of the period (Qmin = 0), thus the average stock can be defined with the following formula [5]:
𝑄
−𝑄
𝑄
𝑄̅ = 𝑚𝑎𝑥 𝑚𝑖𝑛 =
2

(1)

2

By using the principle of ceteris paribus, we carry out the analysis by emphasizing one initial condition of the
model, the development of the utilization demand. In this case, the model changes to the extent that we allow a deviation
in any direction and of any extent between the demands of the different periods, by specifying that the demand of the
respective period is continuous and constant within the period (almost stationary) [2].
By showing demands of the same time periods and different extents, figure 2 shows that, compared to figure 1, in case of
increased demand the stock level can drop below the former level Qmin=0. In case of a supply management strategy that
does not allow a stock shortage, this means in practice a shift of the Qmin level towards the value Qmin’=0. In order to
simplify the model and by applying the principle of ceteris paribus once again, the maximum restocking level Qmax is
constant, thus the replenishment of the closing stocks of different periodical extents to the maximum stock level assumes
a reorder quantity Qn of a different extent [6] [9].
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Fig. 2. The relationship between utilization demands of different extents and stock levels
In case the stock level Qmax is identical in each period during the modelling and we do not allow stock shortages,
the Qmin’ level must be drawn to the lowest point of the saw tooth diagram by adjusting to the highest intensity of
utilization. In periods when the closing stock at the end of the period does not reach the lowest Qmin’ level defined for the
analysed period, the extent of the remaining stock will be Qmax–Qmin’–Qn=Qn(min)–Qmin’. The average stock of the
respective period can be defined as follows:
𝑄𝑚𝑎𝑥 −𝑄𝑛(𝑚𝑖𝑛)
𝑄𝑚𝑎𝑥 +𝑄𝑛(𝑚𝑖𝑛)
𝑄
𝑄̅𝑛 =
+ 𝑄𝑛(𝑚𝑖𝑛) − 𝑄𝑚𝑖𝑛 ′ =>
− 𝑄𝑚𝑖𝑛 ′ = 𝑛 + 𝑄𝑛(𝑚𝑖𝑛) − 𝑄𝑚𝑖𝑛 ′
2

2

2

(2)

The average stock for the analyzed period:
̅
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𝑛=1
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𝑛

(3)

In this case, the change of demands is planned, thus it shows deterministic features. However, it is very often the
case that the demand of the next period or periods deviates to a certain extent and in a certain direction from the planned
level within a short deadline, or even within the period. In order to simplify the model, we take the change of demands
within the respective period into account, but we calculate with a constant demand within the full period, meaning that
during the monitoring of the change we consider only the extent of the opening and closing stock, and we assume a
utilization of constant intensity within the period [7].
In practice, the deviation from the plan can be attributed to several root causes, e.g. unexpected change of
customer demands, excess consumption in production due to scrap, stock deviation at some point of the supply chain,
stock blocking due to quality claims, etc.
The order point of stocks on figure 2 must be redefined. As an initial condition, we defined that the lead time of
replenishment is predefined and the order time is defined at the latest date possible. In case we would order when reaching
the level of the original minimum stock, in some cases the ordering and the receipt of stocks would happen too soon, and
in some cases it would lead to delays. Based on the predetermined lead time, the minimum stock level will change from
period to period, adjusting to the actual utilization intensity of the respective period.
In case of an analysis of an adequate number of samples, the deviations will be typically situated along the
probability density function of a standard normal unimodal distribution (figure 3). In case the partners have agreed on a
maximum number of allowed deviations, the respective range of accepted deviations can be defined in the form of lower
and upper tolerance values [8]. The well-known distribution and density functions popular in production management
and quality management circles for the presentation of quantity features of certain products can be used in logistics as
well. With them, we can show the standard deviation of the actual utilization from the plan, the situation of deviations
compared to the target, the distribution of deviations, the intervention points or tolerances, and the range of the changing
utilization demands.
Contrary to the deterministic management models, in case of stochastic models, the utilization is influenced by
accidental factors, thus the material requirement can be defined only with random variables.
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Fig. 3. The probability density function of the standard normal distribution and its features
3. Periodic review in case of stochastic change of demands
In order to simplify the model, hereinafter we will assume demand changes with symmetric standard normal
unimodal distributions. The simplified stock management model showed on figure 1 and characterized with a
deterministic stock replenishment time and a utilization with constant intensity can be completed with the maximum
extent of the demand change in two directions, so that figure 4 is modelling the deviations occurring compared to the
planned utilization. Since the direction and extent of the deviation compared to the plan is stochastic, i.e. it cannot be
exactly defined in advance, thus the development of the actual utilization demand and of stocks can be determined only
with random variables that are represented on the figure by the probability density functions of the standard normal
distribution.
In case we only keep stocks to cover the planned demands, according to our stock management strategy, the
increase of the actual utilization demand compared to the plan would result in a drop to zero of the stocks before the ti
date of receipt. This is inacceptable in case we start from a strategy that does not allow a stock shortage, a certain amount
of safety stock (Qss) should be kept in order to avoid the risks and costs due to excess consumption.
Since the fluctuation of demands has a stochastic character, the possible results are random variables equivalent to the
standard normal distribution. Figure 4 shows that if the demand is a random variable, the occurrence of extreme demands
has a very low probability, thus the stock shortage can be most likely avoided only with a safety stock with an infinite
high level. In practice however, this is not feasible due to different economic efficiency reasons, thus a compromise must
be reached between the consequences caused by the stock shortage and the sacrifices brought to avoid the shortage [10]
[11].

Fig. 4. Periodic review in case of stochastic change of demands
The density function detailed on figure 5 shows the probability of occurrence of actual quantities, which reflects
that the frequency of occurrences is more typical around the expected value, while their probability decreases towards the
two ends of the function [12] [13].
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Fig. 5. The effect of the safety stock on the occurrence probability of the stock shortage
The figure shows clearly that the extent of the given stock level covering the demand can be defined in relation
to any arbitrary qn stock level and the actual demand. The stock level above the actual demand is the safety that covers
the fluctuation of demands. The safety stock level can be calculated with the following formula:

𝑄𝑠𝑠 = 𝑞𝑛 − 𝜇

(4)

where
𝑄𝑠𝑠 – safety stock level,
𝜇 – actual demand, or the expected demand value,
𝑞𝑛 – arbitrary stock level.
The formula above demonstrates that the safety stock can have a negative level, if we allow the probability of the
occurrence of a stock shortage during our stock management strategy to reach an extent where the stock we keep in certain
periods is not enough to cover the planned demands:

𝑞𝑛 < 𝜇 𝑖𝑛 𝑐𝑎𝑠𝑒 𝑜𝑓 𝑄𝑠𝑠 < 0

(5)

In the knowledge of the standard deviation and the expected value, the probability of the occurrence of a shortage can be
defined in relation to any utilization demand and stock level. In case we adjust the stocks only to the planned demand
level, i.e. we do not keep a safety stock (𝑞𝑛 = 𝜇), the probability of the occurrence of a shortage in case of a demand with
standard normal distribution will correspond to the probability of the non-occurrence of the shortage (figure 6). Since the
combined probability of the two possible results is 100%, the following relation is valid:

𝑃(𝑠ℎ𝑜𝑟𝑡𝑎𝑔𝑒) = 𝑃(𝑐𝑜𝑣𝑒𝑟𝑎𝑔𝑒) = 0,5

(6)

The distribution function on figure 6 shows the probability of the coverage of demand fluctuations in relation to the
changes of the stock level. The probability of the occurrence of the shortage decreases proportionally with the increase of
the safety stocks; however, the complete safety can be guaranteed only by a stock with an infinite level. The introduction
of the distribution function is justified by the fact that the function reflects well the probability of the occurrence of the
stock shortage in connection with the stock level. The probability can be expressed as a risk as well, to which actual costs
can be assigned.
When determining the order quantity due for the next period and the stock level guaranteeing a continuous
operation, five tasks must be completed.
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1.
2.
3.
4.
5.

The service level of our stock management strategy has to be defined, i.e. the frequency of shortage acceptance
The level of the utilization demand planned for the next period has to be defined
By considering the expected fluctuation of the service level and the utilization demand, the stock level
guaranteeing the avoidance of the shortage’s occurrence has to be defined
The extent of the probable demand due by the end of the period between the ordering point and the receipt of
products has to be quantified
It must be checked whether the stock available at the moment of the order covers the demand until the period's
end, and its expected fluctuation.

Fig. 6. The probability of the coverage of demand fluctuations in relation to the change of the stock level
Under service level we mean the extent of acceptance regarding the shortage, which can be defined in two ways
[1]. It can be determined as a relation of the number of periods allowing shortages and the total number of periods
analyzed, or we can define the allowed probability of the occurrence of the shortage. In case we allow 2 periods uncovered
by stocks for a complete period, e.g. one year, the service level can be defined by a weekly period as follows:
𝑆𝐿×𝑡
𝑇

=

2×7
360

= 0,0389

(7)

w where
SL – service level,
t – the length of a given period,
T – the length of the complete period.
From the standard normal distribution table we get the value Z=1.765 matching the probability value 0.0389. Another
way to define the service level is to define the maximum allowed level of the probability of the shortage’s occurrence
(e.g. 0.02) and to find the matching Z=2.33 value. Irrespective of the definition of the service level, we apply the resulting
value in a consistent way.
Subsequently, we must define the utilization demand expected for the next period:

𝜇 = 𝑡 × 𝑑̅𝑡

(8)

where
μ – the expected value of demand,
𝑑̅𝑡 – average level of demand during the given period.
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The fluctuation expected for the duration of the next period can be defined based on the service level and the expected
demand value. By using the formulae of the density function and the distribution function (11), we can determine the F(q)
value of the distribution function for any arbitrary q value [14] [15] [16]:
𝑓(𝑞) =

1
𝜎√2𝜋

𝑒

−(𝑞−𝜇)2
2𝜎2

𝑞

→ 𝐹(𝑞) = ∫−∞ 𝑓(𝑞)𝑑𝑞 =

1

𝑞

∫ 𝑒
𝜎√2𝜋 −∞

−(𝑞−𝜇)2
2𝜎2

𝑑𝑞 = 𝛷 (

𝑞−𝜇
𝜎

)

(9)

In case the value of the standard normal distribution function is equal to the service level, the stock level q barely covers
the expected utilization demand μ that can be characterized with an σ standard deviation by an SL reliability level:
𝑞−𝜇

𝐹(𝑞) = 𝛷 (

𝜎

) → 𝛷(

𝑞−𝜇
𝜎

) = 𝑆𝐿

(10)

Formula (12) shows that the Qss safety stock level belonging to the SL service level is the difference of the stock level and
the expected demand level q–μ, which can be defined with the help of the standard normal distribution Φ(q) table.

Fig. 7. The relations of the periodic review
The extent of the expected demand due by the end of the period between the ordering point and the receipt of products
can be quantified similarly to formula (10):

𝜇𝜏 = 𝜏 × 𝑑̅𝜏

(11)

where
𝜇𝜏 – expected value of demand due within the stock replenishment period,
τ – lead time of stock replenishment,
𝑑̅𝜏 – average demand of the period between the ordering point and the period’s end.
In case of a periodic review, it is not only the next period’s demand and the probable change of demands that
need to be calculated during the placement of the order, but we also have to consider the extent of the change of demands
expected for the remaining τ duration of the ordering period. Figure 7 demonstrates the above-mentioned relations [1].
Since the expected value of the utilization demand and the fluctuation of utilization are random variables due to
the impact of future events with unpredictable outcomes, the development of the Qmax stock level will be a random variable
as well. The probability of a maximum stock level of a given period to be equal to the planned Qmax stock level, is equal
to the difference of the F(q)–F(μ) probabilities, i.e. P(q=μ).
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4. Conclusion
The more stringent expectation we define towards the frequency of stock shortages in our stock management
strategy, the higher the expenses will be for the avoidance of the stock shortage. Fundamentally, we can guarantee the
achievement of the target level in two directions:
 We can decrease the uncertainty of the demand fluctuation with a more accurate forecast.
 We can increase the safety stocks to cover the fluctuating demands.
The management of utilization demand changes of unpredictable extents urges the management of the production
company to reach a compromise. The shortage of stocks can cause serious disturbances in the production supply and
customer service, the costs of which are often unquantifiable. The avoidance of stock shortages is an important objective
for every organization; however, it would be possible only with the management of an infinite stock level due to the
stochastic nature of demands. Stock management also has costs, thus the definition of an optimum stock level is a task
for an enterprise, where the combined costs of stock management and stock shortage show the lowest possible level.
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