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• stability of the control system: 
 
 ( ) ( ) ( ) ( ) ( )a s p s b s q s d s+ =  (6) 
 

with ( )d s  a stable polynomial, 

• asymptotic tracking of the reference signal and disturbance 
attenuation: 

 2( ) ( )p s s p s= ⋅ %  (7) 
 
• inner properness (polynomial degrees): 
 
 deg degq a= , deg deg 2p a= −% , deg 2 deg 1d a≥ ⋅ −  (8) 
 

The stable characteristic polynomial ( )d s  was chosen as: 
 
 2( ) ( )( )d s n s s α= +  (9) 
 

where 0α f  is a tuning constant and the polynomial n  is 
computed from ( )a s  using the spectral factorization: 
 
 ( ) ( )* *( ) ( )a s a s n s n s⋅ = ⋅  (10) 
 

(the asterisk denotes complex conjugate polynomial 
( ) ( )*x s x s= − ). This will ensure stability of the control system 

together with the connection to the original process behaviour. 
Controlling unstable systems can be a real hazard (Stein, 

2003). Therefore it is desirable to ensure satisfactory behaviour 
not only in the nominal conditions but also in case of inaccurate 
mathematical models and unexpected disturbances, i.e. the 
control system must be robust (Grimble, 1993). In this work 
this is ensured using the robust setting of the tuning parameter 
α  from (9). This constant is obtained from the minimization of 
the H ∞ norm of the closed loop sensitivity function defined as: 
 

 ( ) ( )
( )

a s p s
d s

⋅
∈=  (11) 

 
Dependence of the infinity norm H ∞  of the sensitivity 

function upon the parameter α  is depicted in Fig. 3. 
 

 
Fig. 3. Infinity-norm of the sensitivity function with α  

From the graph it can be seen that the higher the value of 
α  the less sensitive the control loop is, however, from the 
practical point of view it is not desirable to have too high value 
of α  as it means bigger control action and overshoots. The 
value of α  around 15 can be seen as a trade-off between 
robustness and practicability since approx. from this value the 
sensitivity does not change significantly. The resultant 
controller obtained from (6) together with (7)-(10) for 15α =  
then takes the form of (12). 

 

 ( ) ( )
3 2

2

34.7 458.1 2842.4 122.6
29.3

s s sQ s
s s

+ + +
=

+
 (12) 

Besides 15α = , also 3α =  is presented to demonstrate the 
influence of choosing a robust and non-robust value of this 
constant. The results can be seen in Fig. 4. During the control, 
step disturbance of the amplitude -0.07 [rad] influenced the 
controlled output in the time t ∈ (15; 15.5) [s]. 

 

 
Fig. 4. Controlled output and control input responses 

4. CONCLUSION 
 

In this paper, control of the unstable nonlinear system of the 
inverted pendulum was presented. For this purpose, polynomial 
approach was employed and the control loop was tuned to be 
robust using optimization of the tuning parameter α  with the 
help of the sensitivity function. The contribution can be seen 
from the presented comparison of robust and non-robust setting 
of this constant in the case of unexpected disturbances. 
Influence of this parameter on the control input and overshoots 
is also apparent. The proposed solution represents a reasonable 
trade-off between the robustness and practicability and can be 
generalised for stabilization and control of other unstable 
processes in a robust way. This is the goal of our future 
research where also the limitation on control input, not 
considered in this work, will be addressed. 
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