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It is known the fact that for describing the relative shape and 
position among a robot’s successive joints, in the matrix 
method, is assigned to each element “i”, a (x, y, z) coordinate 
system (fig.2). In this way, the definition of element’s “i” 
relative position, in  comparison with element “i-1”, is made by 

a homogeneous transformation matrix, N
iA1i− , where: 

iiii α,a,θ,d  are HD nominal geometrical parameters. The 
superior index N shows the fact that this is a nominal 
transformation matrix. The nominal parameters di and iθ are 
variable at translation and rotation joints. Generally, the 
nominal position and orientation of the reference system 
attached to the robot’s element “n”, (x, y, z)n, related to the base 
reference system (x, y, z)0, can be written as a matrix product 

such as: ∏
=

=
n

1i
N
iANnT0 . The robot’s “n” element is the end-

effector. This equation describes an ideal situation (nominal 
transformation). In fact, each element’s real position and 
orientation differ from the nominal one, due to the errors 
generated by the clearances in joints and element’s dimensional 
errors.  In (Vacarescu et al., 2008), is proposed a method for the 
differential modeling of the pose errors for the end-effector of 
the upper human limb, modeled through an open kinematic 
chain with 7 DOF. This is used for develop an arm prosthesis 
and improve its performance by geometrical calibration. Same 
method can be used in robotics domain for geometrical 
calibration.  
 
3. THE MODELING OF END-EFFECTOR’S POSE 
ERRORS GENERATED BY THE GEOMETRICAL 
ERRORS OF HD PARAMETERS 
 

Therefore, in the geometrical error’s absence, the 
transformation matrix between the systems {n} and {0} is 
given by the relation (2) where ܣ௜

௡ represents the homogeneous 
transformation HD nominal matrix, between {i-1} and {i}, 
being (for successive rotation joints) like: 
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where ߠݏ௜ and ܿߠ௜, ߙݏ௜ and ܿߙ௜ represents ߠ݊݅ݏ௜,  ௜ andߠݏ݋ܿ
,௜ߙ݊݅ݏ  ,௜ߙ∆ ,௜. Due to the geometrical errors, noted by ∆ܽ௜ߙݏ݋ܿ
∆݀௜, ∆ߠ௜ (and possibly ∆ߚ௜), the matrix (2) register an 
elementary variation dAi, called the transformation differential 
matrix between {i-1} and {i}: ݀ܣ௜ ൌ ௜ܣߜ  · ௜ܣ

௡ where ܣߜ௜ is a 
differential operator. Its elements are function of the 
geometrical errors ∆ܽ௜, ∆ߙ௜, ∆݀௜, ∆ߠ௜. The differential operator 
 :௜ is defined by the matrixܣߜ
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where: 
 

 ݁௜௫
௘ ൌ ௜ߠܿ ·  ;௜ߙ∆

 ݁௜௬
௘ ൌ ௜ߠݏ ·   ;௜ߙ∆

                                               ݁௜௭
௘ ൌ  ௜;                                     (4)ߠ∆

௜௫ߜ 
௘ ൌ .௜ߠܿ ∆ܽ௜ െ ݀௜ · ௜ߠݏ ·  ;௜ߙ∆

௜௬ߜ 
௘ ൌ ௜ߠݏ · ∆ܽ௜ ൅ ݀௜ · ௜ߠܿ ·  ;௜ߙ∆

௜௭ߜ
௘ ൌ ∆݀௜                               

 
The differential matrix of the end-effector ‘s pose  errors is 
expressed by the relation: 
 
δT = Transl (dx, dy, dz) · Rot(x,dλ) · Rot(y,dρ) · Rot(z,dθ)   (5) 

 
where: ݀ݔ, ,ݕ݀  are the vector’s component parts of the - ݖ݀
robot’s end-effector’s position errors; ݀ߙ, ,ߩ݀  are the - ߠ݀
vector’s component parts of the robot’s end-effector’s 
orientation errors. The differential first rank model (linear) of 
the errors is characterised by  the matrix equation (6): 
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In relation (6), the left equation member is known by 

measuring the end-effector’s position and orientation errors, 
with a measurement system on the end-effector’s pose, and in 
the right equation member are known the values ߠ௜ and 
݀௜displayed by transducers from joints. Using these initial 
dates, through the identification of the corresponding terms of 
the matrix in relation (6), are established the geometrical 
parameter’s errors ∆ܽ௜, ∆ߙ௜, ∆݀௜, ∆ߠ௜ (and eventually ∆ߚ௜). 
Using these values, is corrected the robot’s geometrical model, 
and is obtained a decreasing of the end-effector’s pose errors. 
The correct transformation matrix is obtained: ܣ௜

஼ ൌ ௜ܣ 
ே ൅

 ௜. Generally, are made some iterations, until the desiredܣ݀ 
accuracy is achived. 
 
4. CONCLUSION 
 

Generally kinematic model-based calibration is considered 
as a global calibration method that improves robots accuracy 
across the whole volume of robots workspace. Kinematic 
calibration consists of four sequential steps: modelation, 
measurement, identification and compensation or correction. 
The differential modeling of the end-effector’s pose errors 
allows the improvement of an industrial robot’s performances, 
by geometrical calibration. The method is used by authors in 
various domains: robotics, developing prosthesis and also 
biometric measurements of the human spine. 
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