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Abstract: This work proposes, from the methodological point of 

view, the application of the Upper Bound Theorem (UBT) to 

indentation processes, in his development of Triangular Rigid 

Blocks (TRB), using the Modular distribution. With two 

approaches of different kind of friction, Tresca (m) and 

Coulomb (µ) friction, different hodographs are present, 

corresponding to a kinematically admissible velocity field, and 

studying the influence in its both way. Applying the UBT with 

TRB for each modular disposition, considering the appropriate 

distribution and making these differences between the two types 

of friction, are achieved results consistent with those obtained 

in other plastic forming processes, both stationary and non-

stationary. Finally it is shown the advantage of lower 

computational cost that offers this method of calculation as 

well as having identified at any time the physical evolution of 

the problem. 

Keywords: upper bound theorem, triangular rigid blocks, 
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1.  INTRODUCTION 
 
Customarily in the industry, and especially in plastic 

deformation, it’s not necessary the knowledge of the 
exact value of the minimum energy required to obtain 
such deformation process. This paper develops the Upper 
Bound Theorem (UBT), which provides the energy value 
that guarantees the deformation of the workpiece. The 
Theorem is especially interesting because, despite it 
doesn`t provide the exact amount of energy required, it 
does provide the minimum value at which it is ensured 
the piece will begin its plastic deformation. The method 
is especially applicable due to the simplicity, compared 
with other methods, in case of plane strain. 

This study of the necessary energy for the plastic 
deformation has been tackled traditionally by means of 
mathematical approaches of different nature, numerical 
and analytical methods. The inherent complexity of the 
plasticity theory [1] has conditioned the development of 
these last quoted methods. The UBT by means of his 
kinematic-geometrical application has made possible an 
analytical implementation of limited complexity with 
which obtain different parameters of calculation related 
with the deformation in plastic state of the studied part. 
The result obtained by applying this method is, therefore, 
approximately, but provides a simple resolution and a 
significant qualitative approach to solve the problem. 

The kinematic-geometrical option is known like the 
model of Triangular Rigid Blocks that allows reaching 
precise solutions, with high capacity of analysis, of the 
main factors that is involve in a process of plastic 
deformation, applied initially in suppositions of plane 
strain. 

Triangular Rigid Blocks (TRB) are used to develop 
this thecnique. This model assumes that the stresses and 
strains that cause deformation in the material, are 
produced only in the planes which delimits each TRB, 
because is along these planes where exist speed 
discontinuity. The other points that conforms the TRB 
move at the same speed and in the same direction.  

Of a theoretical point of view, and under general 
conditions, the UBT expresses that: The work realised by 
the superficial strengths of traction (or compression) real 
on a rigid body perfect-plastic is lower or the same that 
the realised by the superficial strengths of traction (or 
compression) corresponding to any another field of 
admissible kinematic speeds. 

In the supposition of plane deformation and knowing 
that the part represent by rigid blocks of material moves 
ones in others along the discontinuity lines of the speed 
field, the general expression of this work can express: 

 𝑇𝑖𝑣𝑖𝑑𝑆𝑉 ≤  𝑘 𝑣∗ 𝑑𝑆𝐷
∗

𝑆𝐷
∗𝑆𝑉

+ 𝑇𝑖𝑣𝑖
∗𝑑𝑆𝐹

𝑆𝐹

 (1)  

Being: 

Ti : External strengths applied on the part to deform. 

vi :Real field of speeds. 

Sv : Surfaces of application of the external loads. 

k : Shear yield stress. 

v
*
i: Field of virtual kinematic admissible speeds. 

v
*
: Velocity discontinuities. 

S
*
D: Discontinuity surfaces. 

SF: External surfaces exposed to external surface 
stresses 

 
Fig. 1. Boundary conditions indentation process 
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With plane strain conditions the material offers his 
maximum resistance to the deformation when τ=k, being 
τ the shear stress. Thus, the value of the dissipate power 
because of the internal energy can´t exceed of the value 
k•s•v

*
, being s the length of discontinuity line of the 

tangential speed. 

Due to the double symmetry imposed, the study zone 
turns into a fourth part of the total piece subjected to 
deformation as shown in Fig. 1 [12]. 

 

2.  METHODOLOGY 
 
The present work applies the Upper Bound Theorem 

to indentation processes. In this case, the process is 
similar to a plane strain under certain geometric 
conditions, so it allows the analytical treatment by UBT. 
Implementing the TRB model, are different approaches 
to the establishment of the satisfactory geometric 
configuration, as well as its mathematical treatment, 
being the Modular distribution (Fig. 2) the one that is 
addressed in this analysis [2, 3, 5]. However, in results 
section will be offered a compare,son of the Modular 
model against the Non Modular model (Fig. 3) under the 
same boundary conditions and shape. 

 
Fig. 2. Modular configuration 

 

 
Fig. 3. Non Modular configuration 

 
Modular model consists in the introduction of 

modules conformed of no more than three TRB, making 
the connection through the relation between the output 
and input material speed of each module, as this must be 
equal in magnitude. To simplify this relationship in the 
formulation, we allow the same number to the contiguous 
triangles of different modules, differentiating by adding 
by subscripts the letter of the module to which it belongs, 
as shown later in calculations. 

Analyzing independently each module and taking into 
account the relations mentioned, are made different 
hodographs corresponding to a kinematically admissible 
velocity field, studying the influence of the incorporation 
of friction in its two kinds: Tresca (m) and Coulomb 
friction (μ). 

At first we have Module A (Fig. 4, 5), which 
corresponds to the material located on the horizontal part 
of the punch, and wich can be divided as follows: 

 
Fig. 4. Module A configuration 

 

 
Fig. 5. Module A hodograph 

 

The corresponding equations are as follows, where m 

and µ are the different kind friction: 

Tresca friction (m): 

𝑝 · 𝑏1 · 𝑉 · 𝑤 = 𝑘 · 𝑤 · [𝑉1 · 𝐸𝐷 + 𝑉12 · 𝐴𝐷 + 𝑉2 · 𝐴𝐵 ·
𝑚 + 𝑉23 · 𝐷𝐵 + 𝑉3𝐴 · 𝐷𝐶]  (2)  

Coulomb friction (µ): 

𝑝 · 𝑏_1 · 𝑉 · 𝑤 = 𝑤 · [𝑘 · [𝑉_1 · 𝐸𝐷 + 𝑉_12 · 𝐴𝐷 +
𝑉_23 · 𝐷𝐵 + 𝑉_3𝐴 · 𝐷𝐶] + 𝜇𝑃 · 𝑉_2 · 𝐴𝐵]  (3)  

Obtaining the adimensional p/2k relations: 

Tresca friction (m): 

 
𝑝

2𝑘
 
𝐴
=

1

2𝑏1
 
2ℎ1 +

𝑏1
2

2
 

ℎ1
+

𝑏1
2𝑚

2ℎ1
  (4)  

Coulomb friction (µ): 

 
𝑝

2𝑘
 
𝐴
=

 
2ℎ1

2 + 𝑏1
2 2 

ℎ1
 

2  𝑏1 − 𝜇
𝑏1
2

2ℎ1
 

 (5)  

From these relations we obtain the results for Module 
A exposed on Tab. 1 
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SF b1 h1 
p/2k 

m=0 

p/2k 

m=1 

p/2k 

µ=0 

p/2k 

µ=0,3 

1,00 1 1 1,25 1,50 1,25 1,47 

1,05 1 0,95 1,21 1,48 1,21 1,44 

1,11 1 0,90 1,18 1,46 1,18 1,41 

1,18 1 0,85 1,14 1,44 1,14 1,39 

1,25 1 0,80 1,11 1,43 1,11 1,37 

1,33 1 0,75 1,08 1,42 1,08 1,35 

1,43 1 0,70 1,06 1,41 1,06 1,35 

1,54 1 0,65 1,03 1,42 1,03 1,35 

1,67 1 0,60 1,02 1,43 1,02 1,36 

1,82 1 0,55 1,005 1,46 1,00 1,38 

2,00 1 0,50 1,000 1,50 1,00 1,43 

2,22 1 0,45 1,01 1,56 1,01 1,51 

2,50 1 0,40 1,03 1,65 1,03 1,64 

2,86 1 0,35 1,06 1,78 1,06 1,86 

3,33 1 0,30 1,13 1,97 1,13 2,27 

4,00 1 0,25 1,25 2,25 1,25 3,13 

5,00 1 0,20 1,45 2,70 1,45 5,80 

Tab. 1. Module A, p/2k results 

 

Knowing that the shape factor value for this module 
goes from 1 to 5, being the base equal to 1 (b = 1) and 
modifying the height (h) from 1 to 0,20 

On the particular case of indentation, has been created 
a special module with only two TRB (Fig. 6), unlike the 
case of forging [7]. This makes a better adaptation to the 
material elbow relative to the change of direction 
(TRB3B and 4, Fig. 2) and ensure an appropriate 
continuity in all modules, e.g., doesn’t create a module 
with different boundary conditions in each TRB. 

 
Fig. 6. Module B configuration 

 

 
Fig. 7. Hodograph Module B 

 

Further, the hodograph configutarion (Fig. 7) is 

relatively simple compared to the previous one (Fig. 5). 
Just as in the previous module, the corresponding 

equations are: 

Tresca and Coulomb friction: 

𝑝 · 𝑏2 · 𝑉 · 𝑤 = 𝑘 · 𝑤 ·  𝑉3𝐵 · 𝐶𝐷 + 𝑉4𝐵 · 𝐶𝐵 + 𝑉34 · 𝐴𝐶   (6)  

Solving to obtaining the p/2k relations: 

Tresca and Coulomb friction: 

 
𝑝

2𝑘
 
𝐵
=

1

2𝑏2
 
𝑏1ℎ1
𝑏2

+
𝑏1 ℎ1

2 + 𝑏2
2 

ℎ1𝑏2
  (7)  

The equations for the different type of friction 
coincide in this module because none of its TRB are in 
contact with the punch. 

And from this equation, is obtained the results for 
Module B exposed on Tab. 2. 

SF b2 h2 
p/2k 

m=0 

p/2k 

m=1 

p/2k 

µ=0 

p/2k 

µ=0,3 

1,00 1 1 1,50 1,50 1,50 1,50 

1,05 1 0,95 1,48 1,48 1,48 1,48 

1,11 1 0,90 1,46 1,46 1,46 1,46 

1,18 1 0,85 1,44 1,44 1,44 1,44 

1,25 1 0,80 1,43 1,43 1,43 1,43 

1,33 1 0,75 1,42 1,42 1,42 1,42 

1,43 1 0,70 1,41 1,41 1,41 1,41 

1,54 1 0,65 1,42 1,42 1,42 1,42 

1,67 1 0,60 1,43 1,43 1,43 1,43 

1,82 1 0,55 1,46 1,46 1,46 1,46 

2,00 1 0,50 1,50 1,50 1,50 1,50 

2,22 1 0,45 1,56 1,56 1,56 1,56 

2,50 1 0,40 1,65 1,65 1,65 1,65 

2,86 1 0,35 1,78 1,78 1,78 1,78 

3,33 1 0,30 1,97 1,97 1,97 1,97 

4,00 1 0,25 2,25 2,25 2,25 2,25 

5,00 1 0,20 2,70 2,70 2,70 2,70 

Tab. 2: Module B, p/2k results 

 

Knowing that the shape factor value goes from 1 to 5, 

being the base equal to 1 (b = 1) and modifying the 

height (h) from 1 to 0,20. 

As explained, the results obtained are the same for m 
and µ for its differents value because this module is not 
in contact with the punch, so the equation doesn’t have 
friction factors.  

The calculation of the ratio p/2k combining the 
influence of both modules (pA+B/2k) is determined by 
equation. 8, where some weight factors are included 
considering the geometry of each module by means of 
the width. 

𝑝

2𝑘
=

 
𝑝
2𝑘

 
𝐴
𝑏1 +  

𝑝
2𝑘

 
𝐵
𝑏2

 𝑏1 + 𝑏2 
 (8)  
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Analycing now the Non Modular model to a better 

understanding of the process, in Fig. 8 can be seen that 
the configuration of the material is similar to the Modular 
one, i.e. the bases and hight distribution are the same, and 
have to be the same to maintain an analysis parallel to the 
Modular configuration and make comparisons with the 
same shape factors easily. 

  

 
Fig. 8. Non Modular analysis. 

 

As shown in Fig. 9, the hodograph appropriate to the 
Non Modular model is like a combination of the two 
hodographs of the Modular model, due to the analogous 
way of analyze the two models. This helps to ensure the 
discontinuity lines of the speed field are the same, 
because if the hodographs are very different it would 
mean that the speed fields aren’t akin and, therefore the 
comparison would not be suitable. 
 

 
Fig. 9. Non Modular hodograph. 

 
Thus, knowing the configuration and the hodograph, 

the corresponding equation can be proposed: 

Tresca friction (m): 

𝑝 · 𝑏 · 𝑉 · 𝑤 = 𝑤 ∙ [𝑘 ·  𝑉1 · 𝐹𝐸 + 𝑉12 · 𝐴𝐸 + 𝑉23 ∙ 𝐸𝐵 +
𝑉3 ∙ 𝐸𝐷 + 𝑉34 ∙ 𝐵𝐷 + 𝑉4 ∙ 𝐷𝐶 + 𝑉2 · µ𝑝 · 𝐴𝐵]  (9)  

 
Coulomb friction (µ): 

𝑝 · 𝑏 · 𝑉 · 𝑤 = 𝑘 · 𝑤 · [𝑉1 · 𝐹𝐸 + 𝑉12 · 𝐴𝐸 + 𝑉2 · 𝑚 · 𝐴𝐵 +
𝑉23 ∙ 𝐸𝐵 + 𝑉3 ∙ 𝐸𝐷 + 𝑉34 ∙ 𝐵𝐷 + 𝑉4 ∙ 𝐷𝐶]  (10)  

 
Being b = b1+b2, equation 9 and 10 can be solved: 

Tresca friction (m): 

𝑝

2𝑘
=
1

2𝑏
 
2ℎ1 +

𝑏1
2

2
 

ℎ1
+

𝑏1
2𝑚

2ℎ1
+

𝑏1
ℎ1

 
𝑏1
2
+ 𝑏2 

+
𝑏1 𝑏2

2 + ℎ1
2 

𝑏2ℎ1
+

𝑏1ℎ1
𝑏2

  

(11)  

Coulomb friction (µ): 

𝑝

2𝑘
=

2ℎ1 +
𝑏1
2

2
 

ℎ1
+

𝑏1
ℎ1

 
𝑏1
2
+ 𝑏2 +

𝑏1 𝑏2
2 + ℎ1

2 
𝑏2ℎ1

+
𝑏1ℎ1
𝑏2

2  𝑏 − µ
𝑏1
2

2ℎ1
 

 (12)  

And from these equations are obtained the results for 
Non Modular model exposed in Tab. 3. 

SF b h2 
p/2k 

m=0 

p/2k 

m=1 

p/2k 

µ=0 

p/2k 

µ=0,3 

2,00 2 1 1,38 1,50 1,38 1,49 

2,11 2 0,95 1,34 1,48 1,34 1,46 

2,22 2 0,90 1,32 1,46 1,32 1,44 

2,35 2 0,85 1,29 1,44 1,29 1,42 

2,50 2 0,80 1,27 1,43 1,27 1,40 

2,67 2 0,75 1,25 1,42 1,25 1,39 

2,86 2 0,70 1,24 1,41 1,24 1,38 

3,08 2 0,65 1,23 1,42 1,23 1,39 

3,33 2 0,60 1,23 1,43 1,23 1,40 

3,64 2 0,55 1,23 1,46 1,23 1,43 

4,00 2 0,50 1,25 1,50 1,25 1,47 

4,44 2 0,45 1,28 1,56 1,28 1,54 

5,00 2 0,40 1,34 1,65 1,34 1,65 

5,71 2 0,35 1,42 1,78 1,42 1,81 

6,67 2 0,30 1,55 1,97 1,55 2,07 

8,00 2 0,25 1,75 2,25 1,75 2,50 

10,00 2 0,20 2,08 2,70 2,08 3,32 

Tab. 3. Non Modular p/2k results 

3.  RESULTS AND DISCUSSION 
 
It has been made a comparison with a Non Modular 

model to check out the efficiency of the Modular model. 
The application of the UBT by TRB has been applied to 
each model shown in the graphs (Fig. 10 to Fig. 11) for 
extreme values of friction, both Tresca and Coulomb 
friction. Because of the type of compression process, it 
was decided to raise the maximum Coulomb value as 0,3, 
since higher values do not assimilate the real problem 
due to the Tresca friction contribution that would be 
wider. 

Results obtained are consistent, at all time, with those 
obtained in other plastic deformation processes [7], [10], 
both stationary and non-stationary, been the behavior of 
both models very similar for the shape factor studied and 
submitted. 
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Fig. 10. Tresca friction comparative minimum value 

 

 
Fig. 11. Tresca friction comparative maximum value 

 

 
Fig. 12. Coulomb friction comparative minimum value 

 

 
Fig. 13. Coulomb friction comparative maximum value 

 
Its evolutions shows, for both type of friction, the 

characteristic shape of load curves [4], [5] for different 
moments of the process, with the appearance of 
minimum values of the adimensional ratio p/2k (where p 
is the pressure and k the yield limit by shear strain. Fig. 
14 shows four moments of the deformation process. 

Fig. 14. Deformation process evolution 
 

The Modular model begins to provide relatively 
higher data, in terms of Coulomb friction, when the 
model shape factor is equal or higher than 6 (b/h = 6). 
This is due to the extreme reduction of the modules, so 
the behavior of the graph can be explained by the 
accumulation of the material stress and hardering at that 
point of deformation, since the material would have a 
70% reduction height. However, generally is not 
considered a bigger shape factor than 4 or 5. 

 
Fig. 15. Tresca friction p/2k variations 

 

 
Fig. 16. Coulomb friction p/2k variations 

 
At the graphs displayed in Fig. 15 and Fig. 16 shows 

the evolution of the p/2k ratio values through the results 
obtained as a function of the variation of the friction 
coefficient, Tresca and Coulomb friction, from its 
minimum to its maximum value, with similar behavior 
for all values of the range. 
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4.  CONCLUSIONS 
 
Concluded the model analysis and studied the 

influence of both type of friction for different shape 
factors, this work shows the advantage of lower 
computational cost offered by this method of calculation 
as well as having identified at any time the physical 
evolution of the problem. 

The best configuration of modules is that one that 
determines the minimum value of required force to reach 
the desired state of deformation. Modular model is again 
the optimal solution for the present studies, because it 
satisfies the initial conditions of indentation, is fully 
consistent with the material deformation and achieves a 
much easier way to calculate and analyze the two types 
of friction considered.  

Also, the Modulate alternative has a high versatility 
to adjust the Triangular Rigid Blocks disposition, 
obtaining an optimum adaptation to each of the 
geometries studied. This adaptation is performed by 
adding further modules, if necessary. In this case, unlike 
the Non Modular model, it doesn’t complicate the 
equations, being similar to those that have been solved in 
the present work. 

With the Non Modular model, equations become 
excessively complicated. If the study is a piece of larger 
dimensions, we would cope extremely complex 
equations because, as the numbers of modules are 
increasing, the equations are bigger and hence the 
resolution is often complex and cumbersome. 

On the contrary, with the Modular model the 
resolution of the equations are easier owing the study is 
only of modules formed at most with three Triangular 
Rigid Blocks, so that the equations never become so 
complex, always being careful to drag previous speeds 
because, as explained above, the speed of next module 
input will be the output speed of the previous module. 

 

5.  FURTHER RESEARCH 
 
Using the fundamentals of the UBT it is possible to 

improve the application of this method, by extending its 
analysis capability to more complex situations and 
providing more flexible results.  

Thus, in this paper, the UBT using TRB has been 
applied to plane strain indentation processes but, in sake 
of completeness, the continuity of this work will be 
centered in the different configurations we can find of the 
punch, making the geometry as similar as industry 
procedures, studying in each case the friction present in 
the deformation process. It can be study an inclined flat 
dies. Due to this new point of view, the present work can 
be frame as a particular case in wich the inclination of 
the punch is 0º. 

Further, working with friction, it can propound a 
combination of Tresca and Coulomb friction, being 
another approach to reality, as all plastic process 
undergoes to the two type of friction at the same time. 
And it would be a wider progress to asses the issue as 
though a case of not plane strain. 

Thus all this work will give rise as a computer 
program that allows anyone to configure in an easy way, 

just with two or three parameters (base, high, punch 
type), a plastic deformation process and obtain the value 
of the minimum energy required to obtain such 
deformation process. Avoiding the others CAD and FEM 
programs, those requires many different parameters and, 
normally, are very difficult to use, e.g. the solutions 
given can rise to different interpretations that can lead, in 
turn, to numerous faults dragged by a bad approach or 
ignorance of any required parameter. 
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