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DYNAMIC MODELING OF THE CUTTING PROCESS 

 

MADISSOO, M[arten] & OLT, J[ueri] 

Abstract: By mechanical processing of materials is critical to 
assessing the quality of processing accuracy. Hereby we pro-
pose a method for the construction of dynamic models of small 
dimensionality. On which the accomplished simulation of the 
technological systems of mechanical processing can be based. 
It is necessary for increasing the manufacturing precision. 
Key words: metal machining, deformation, cutting, technologi-
cal system 

 

1. INTRODUCTION 
 

For the definition of the characteristics reflecting the dy-
namic quality of a technological system it is necessary to con-
struct the boundaries of its region of stability in the cutting 
process. This includes the construction of the dynamic model 
for a technological system that is a closed potentially auto-
oscillatory system allowing for the maximum possible com-
pleteness of inert and elastic-dissipative properties in the tech-
nological system. The passage to a simplified dynamic model 
can be in comparing the equivalent to the relatively spectral 
characteristics of the initial one, applying the substantiated 
criterion of proximity in the assigned frequency range. Con-
struction in the space of parameters of the following limits for 
the region of stability: a) upper maximum - built on the as-
sumption that the workpiece is absolutely solid; b) lower max-
imum - built on the use of static characteristics in where the 
system is basing on the workpiece fastening. The relative posi-
tion of the upper and the lower maximum boundaries deter-
mines the reserve for an increase in the dynamic quality to 
perform control of the technological system. 

 

2. MATERIALS AND METHODS 
 

The properties of a technological system are defined by its 
static and dynamic characteristics. The most important static 
characteristics are the stiffness of the carrying systems, their 
geometric accuracy and the errors in sizes and form determined 
by them in the quasi-static regimes of working. Dynamic cha-
racteristics determine the zones of stability of the cutting 
process, the spectral composition and level of amplitudes of 
oscillating processes, dynamic errors in sizes and form of prod-
ucts, and also the properties of the surface layer (Matalin, 1985; 
Stephenson, 2006). 

As a rule, it is the intuitive-topological method that is used 
for the development of models of carrier systems. The essence 
of this method consists in the disassembly of the carrier system 
into separate inert blocks, which correspond to the models of an 
absolute solid. It is assumed that the blocks are interconnected 
with elastic joints. The totality of such subsystems of the carrier 
system forms a three-dimensional and according to some as-
sumptions - a flat dynamic model of the system (Murashkin, 
1977; Atkins, 2003). 

Knowing that the elastic and dissipative properties of a 
technological system are determined in essence by deforma-
tions and damping of joints, it is possible to devise a simplified 
dynamic model of a machine tool for practical calculations 
(Panovko, 1960). Furthermore, with the composition of the 
dynamic model of a technological system according to the basic 
concept of the vibration theory (Vlado, 2002; Panovko, 1960), 
it is possible to limit the degrees of freedom to a finite number 

when the dynamic properties of a system are examined in the 
limited range of frequency. The basic parameters of the discrete 
dynamic model of an oscillatory system include (Murashkin, 
1977; Atkins, 2003): reduced masses m, stiffness coefficients c, 
coefficients of force b and of moments bφ of linearized resis-
tances. For determining the parameters indicated above the axes 
of the three-dimensional system of coordinates for the process 
of grinding were oriented as follows: z axis the direction of 
longitudinal feed, axis x cross feed and y axis is perpendicular 
to plane x - z. According to the studies (Murashkin, 1977; 
Atkins; 2003; Panovko, 1960), carried out in the field of the 
vibration theory of technological systems, it is possible to 
assume that the fluctuations in different directions are not inter-
related. 

The value of reduced mass i - of that element of a technolo-
gical system mi is determined from the formula (4) 
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where сi – stiffness coefficient, N/m; ωi – the intrinsic angular 
frequency, s-1. Force coefficient of the linearized resistance bi 

(N·s/m) is equal to (4) 
 

                                             bi = 2· λi· fc i· mi                           (2) 
 

where λi – logarithmic decrement is i-th element of the system; 
fc i – the natural frequency of the element, Hz. For the torsional 
system the given moment of inertia is determined Jφ (kg·m2) (4)  
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where сφ – the coefficient of torsional stiffness of the element, 
N·m/rad; ωφ – the angular frequency of the natural torsional 
oscillations, s-1. Coefficient of the moment of linearized resis-
tance bφ (N·m·s) is determined from the formula (4) 
 

                                          b φ = 2· λφ· fφ ·Jφ                            (4) 
 

where λ φ  – the logarithmic decrement of the natural torsional 
oscillations;  fφ - the natural frequency of torsional oscillations, 
Hz. 
 

3. THEORETICAL RESULTS 
 

For the analysis of the dynamic properties of a technologi-
cal system it is necessary to switch over from the complex 
technological system to a simplified model. The dynamic mod-
el of a technological system can be represented as a complex 
system, which is organized hierarchically and is goal-directed 
to function as the totality of a large number of elements con-
nected in terms of information and interaction (Murashkin, 
1977; Panovko, 1960). 

Using the concept of the delay of the cutting force with re-
spect to the normal displacement for the description of dynamic 
properties of the cutting process, the dynamic characteristic of 
cutting can be written down in the following form (Vlado, 
2002) 
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where P – the dynamic cutting force; Tp – the time constant of 
delay; k – the coefficient of disturbance; up – a change in the 
area of shear. 

The need for a passage from the global model of a technol-
ogical system to the simplified model, is built by us according 
to the hierarchical principle, is accounted by the following basic 
considerations: 

1. With the contemporary facilities of computer technology 
the structural complexity of the model and the large number of 
generalized coordinates necessary to achieve the discreteness of 
the system on the basis of the Finite Element Methods (FEM) is 
not the principal moment, constituting the need for a passage to 
simplified models. 
2. In the limited frequency range the initial global model of a 
technological system can be infinitely closely represented by 
the simplified dynamic model with the appropriate identity of 
amplitude-phase-frequency characteristics (APFC). If we limit 
ourselves to the approximate construction of the limits of the 
region of stability in the space of parameters of the system on 
the basis of the first method of Lyapunov, then the simplified 
model, built on the basis of the principle indicated, will prove 
to be completely correct for finding the solution to the optimi-
zation problem by the criterion of maximum productivity of 
mechanical processing with corresponding limitations. Such 
natural constraints include durability of the cutting tool, dynam-
ic accuracy and quality coefficients of the surface layer. 

Taking into account the above, we consider that the motion 
of the simplified model of the technological system of mechan-
ical processing can be represented by the system of differential 
equations of m-th order in the form 
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where q – m – the measured vector function of the generalized 
coordinates of the system; y – k – the measured vector function 
of the outputs of the system; U – l – the measured vector func-
tion of disturbances; D – (m х m) – the matrix of the coeffi-
cients of the simplified model; G - ( m х l) - and C - (k х m) – 
the assigned matrices. 

Applying to the system of equations (6) and (7) the direct 
one-sided Laplace transform with the zero initial conditions, we 
will obtain the transmitting matrix of the simplified model in 
the form 
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pW  - )( lk  – the matrix; Е - (m х m) – the unit 

matrix.  

Assuming
ijр  , we will obtain the matrix of the fre-

quency characteristics of the simplified model above the field 
of complex numbers, the elements of which are determined by 
the following dependencies 
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where mu,v(ωi) = )(~
, ivu jw  ; 

vu , (ωi)=Arg )(~
, ivu jw  . 

Matrices M(ωi) with the elements mu, Φ(ωi) and φu,v(ωi) 
with the elements of φu,v (ωi) are called the matrix of amplitude-
frequency and the matrix of phase responses (AFR and APR), 
respectively. Consequently, we offer two methods approach. 

Determination 1. Two systems are called equivalent, if the 
following condition is satisfied 
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where ε – the small predetermined quantity. Fulfillment of 
condition (10) ensures the proximity AFR and APR of the 
generalized and simplified models. 

Determination 2. The simplified model with the matrix of 
coefficients D* of sizes (m × l) and the corresponding matrix of 

the frequency characteristics W
~  is called the optimum model 

of the m-th order, if the following condition is satisfied 
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On the basis of definitions 1 and 2 we assumed that the 
simplified model of system with the matrix of coefficients D* is 
the optimum equivalent model of m-th order, if the following 
condition is satisfied 
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The analytical solution of the problem of finding the optimum 
equivalent model in the general case is impossible. Therefore, it 
is expedient to perform its construction by the numerical me-
thods of search. It is recommended to start the process of search 
for the optimum equivalent model with the simplest single-
mass two-circuit model. If in this case conditions (10), (12) are 
not satisfied, it is necessary to pass on to models of more com-
plex structure. 

It is proposed to use a four-contour model of small dimen-
sionality with dissipative characteristics, which account for the 
structural damping and rheological processes of the global 
model in question, to which the two subsystems with four 
generalized coordinates correspond: 
1 - the subsystem of workpiece B with the coordinates и , w; 
2 - the subsystem of tool T with the coordinates х , у. 
 

 
Fig. 1. The dynamic model of the four-contour technological 
system: B - subsystem “workpiece”; T - tool; Ac - the operator 
of chip formation 
 

4. CONCLUSIONS 
 

We propose a procedure for the construction of a simplified 
dynamic model of a technological system as a closed potential-
ly auto-oscillatory system allowing for a maximum possible 
completeness of inert and elastic-dissipative properties. The 
model helps to find stable machining parameters and therefore 
it is possible to improve the quality of manufactured parts. The 
downside is that the model is suitable for a limited range of 
data, so further work is planned to focus on suiting the model 
for the processing of heat resistant materials. 
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