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Abstract: This paper is part of a procedure which analyses 

ships collisions, addressing to all types of ships and damage 

scenarios. The analysis of a ship-ship collision is usually 

separated into two classes. These are external and internal 

mechanics. Large plastic deformation of the shell plating 

subjected to various loadings is developed. Therein is described 

the work principle for upper-bound theorem and an example 

for calculating crushing and tearing of a plate. 
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1. INTRODUCTION 
 

Ships’ side structure is a complex one and the deformation, 

destroying and crushing of the side structures is also. To 

analyze a structural damage, one of the following methods can 

be used: empirical method, finite element method, experimental 

method and simplified method. 

Finite element method and simplified method, known also 

as “super-elements method” are known as theoretical methods 

for predicting damages. The experimental methods are 

involving far too big amount of money in order to be used for 

academically reasons. The finite elements can give detailed 

solutions, but it requires certain computer power and is still 

quite expensive. 

Of all these, we focused on simplified method, which is 

based on the upper-bound theorem. Within the simplified 

analytical method is considered that different structural 

members, such as side shell, decks and frames, do not interact, 

but have an independent contribution on the total collision 

resistance. 

The upper-bound method was used before by others, like 

Wierzbicki (1983, 1993), Abramowicz (1994), Amdahl (1983), 

Paik & Pedersen (1995), Simonsen (1997), to analyse the 

damages of the ship following a collision or grounding and the 

results were quite close to the experimental ones. 

 

2. SIMPLIFIED METHOD 

 
The simplified method is widely used in engineering 

analysis and design. It has been proved that the method is 

valuable for estimating the collapse load of a structure subject 

to extreme loads. The collapse load so obtained can be used as 

a realistic basis for design. It should be emphasised that the 

limit analysis is an approximate method. A basic assumption is 

that the material is perfectly plastic without strain hardening or 

softening(Zhang, 1999). 

The work principle may be expressed by the formula: 
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where A is the surface area, V is the volume of the structure, Fi 

and Ti are the external force and the body force, σij is any set of 

stresses, εij is the strain field, ui is the displacement 

(Pedersen,1993). 

The rate form of the virtual work equation is: 
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Lower-bound theorem can be expressed as follows: if any 

system of generalized stresses can be found throughout a 

structure which is in equilibrium with the applied loads and 

which nowhere violates the yield condition, then the structure 

will not collapse or be at the point of collapse. Referring to the 

upper-bound theorem, we can say that if the work rate of a 

system of applied loads during any cinematically admissible 

collapse of the structure is equated to the corresponding internal 

energy dissipation rate, then the system of loads will cause 

collapse or be at the point of collapse.  The two bound theorems 

can be used independently. If the calculated loads coincide in 

the two methods, the exact solution is found (Zhang, 1999). 
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This expresses the equilibrium of the external and internal 

energy, where F is the external force, δ is the velocity at the 

force action point and Eint the internal energy rate.  

The internal energy rate can be also expressed as: 

 

                           
' '
int ij ijE dV                                (4) 

 

where εij is the rate of strain sensor and V is the volume of the 

solid body. 

For a plane stress condition, the von Mises yield condition 

gives: 

 

                
2 2 2 2

03xx yy xx yy xy                         (5) 

 

For a deforming plate, the rate of internal plastic energy 

dissipation can be written as the sum of the bending and the 

membrane energy dissipation rate: 
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The bending energy rate can be expressed as: 
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where  A is the plate area, kαβ is the curvature of the plating, Θi 

and li are the rotation and the length of the plastic hinge line, 

Mαβ is the bending tensor moment, M0 is the fully plastic 

bending moment and t is the plate thickness. 
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By use of von Mises yield criterion, the membrane energy 

rate can be expressed as: 
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3. IN-PLANE CRUSHING AND TEARING OF 

PLATES 
 

In-plane crushing and tearing of plates is one of the super-

elements on which internal mechanics models are based on. 

Altogether, they contain solutions for behavior under deep 

collapse of the assembly. By summing the forces of each super-

element is possible to find out the total amount of absorbed 

energy between the vessels involved. 

Crushing of plates can be idealized by simple geometrical 

modes of deformation. Hereby is used a model suggested by 

Simonsen and Ocakli (1999) is used. When a deck is loaded by 

a point load, it will first collapse plastically with folds 

extending to the nearest boundaries. After a certain penetration, 

the plate will fracture and it will continue to fold up in front of 

the bow like a concertina (Lutzen, 2001). 

A collision can occur in many places around the vessels and 

can involve a lot of types of plates, as following: 

 - the bottom and the inner bottom, the stringer decks and 

the stringers, main deck, intermediate decks, are considered 

horizontal plates 

- the floors, the girders, the frames (simple or web) and 

transverse bulkheads are considered vertical plates. 

Transverse stiffeners, stiffeners parallel to the direction of 

penetration, are crushed axially. Longitudinal stiffeners are 

included in the model by smearing out the volume of the 

stiffener in the longitudinal direction, resulting in an orthotropic 

plate (Lutzen, 2001). 

The load-deformation relation can be expressed, as per 

Simonsen and Ocakli, by: 
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where w is the deflection, t is the thickness of the plate. The 

thickness is corrected for every new involved longitudinal, 

which volume is smeared out to give the equivalent thickness 

teq. The involved function, f, depends on the depth of the plate, 

which is defined as: 
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where D is the depth of the plate and H is the folding length, 

which can be determined as follows: 
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After rupture, the folding mode changes to concertina 

tearing. Wierzbicki (1995) found that concertina tearing can be 

expressed as: 
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where Rc is the fracture toughness. The fracture toughness for 
mild steel is in the range Rc = 300 – 1000 N/mm. 
 

 

Fig. 1. In-plane plate deformation 
 

4. CONCLUSIONS 
 
The presentation is part of a procedure which analyses ships 

collisions, addressing to all types of ships and damage 
scenarios, being difficult to obtain a precise calculation of the 
internal mechanics as the collision is based on a complicated 
combination of buckling, yielding, tension, tearing, rupture and 
brittle failure of materials.  

The method based on the super-element method, where the 
ship’s structure is separated into its structural elements like 
plates, beams, or plate intersections like X and T elements is a 
simplified but rational model for determining the internal 
mechanics. The use of super-element solution calls for adaptive 
or successive discretisation. By summing up the crushing force 
of each super-element, it’s possible to determine the total 
contact load between the two involved vessels and the total 
amount of absorbed energy.  

The use of simplified method helps to compare and validate 
the mathematical approach. Theoretical results are compared 
with existing simulating experiments. The upper-bound method 
is used to calculate the structural plastic deformation and 
energy dissipation under extreme loading and further on, it 
helps to calculate full-scale ship-ship and ship-various objects 
collisions. 
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